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CORR.TIG AEERRATED WAVEFROMS FROM SYNTHIC

APlRIVS HOLOGRAPHICALLY

by

David A. Jacobs
Captain, USAF

Abstract

This report describes research to investigate how well holographic

optical elements reduce aberrations in synthetic aperture optical sys-

tems. Using holograms to correct aberrated wavefronts from synthetic

apertures provides a viable alternative to using active control systems

to perform the same functiorL The holographic technique has applica-

tions to the Strategic Defense Initiative, surveillance and reconnais-

sance systems, and high technology manufacturing processes. A model

for a three-element synthetic aperture system was developed to deter-

mine how the wavefronts from the elements combine in the image plane.

The model includes developing the technique for introducing a hologra-

phic optical element to correct aberrations from individual elements in

the aperture and from misaligrnents of elements In the system Based

on this model, a proof-of-concept system was developed. Finally, the

results of experiments to evaluate the point spread function of the

empirical system are described. The report concludes that holographic

optical elements can provide an alternative to control systems when

combined with synthetic apertures to replace monolithic optics In

applications requiring diffraction Limited Imaging systems.
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StRiB-G ABERRATED WAVEFRONTS FROM SYNTHETIC

APERJRES HOLOCRAPCALLY

1. Introductio

Problem

The purpose of this research was to investigate how well hologra-

phic optical elements can reduce aberrations in the image plane of syn-

thetic aperture optical systems. Synthetic apertures are a developing

technology with applications to the Strategic Defense Initiative, sur-

veillanc and reconnaissance systems, and high technology manufacturing

pro ures. A synthetic aperture is a device which uses one or more

small apertures to obtain the resolution normally associated with a

single large aperture (Goodman (1970), p 3). An aperture is defined

here to mean a transmissive part in an opaque screen, with the implica-

tions that the aperture is filled with a combination of lenses, mir-

rors, and prsms Aberrations can arise from elements In the aperture,

or from misalignments of individual elements In the system.

This investigation required three steps. The first step was to

analytically describe the system under consideration. Having described

the system, the second step was to propose suitable holographic optical

elements to correct potential aberrations in the described system.

The final step was to test the proposed holographic optical elements

for the described system.



Background

The Air Force needs imaging systems with high resolving capabili-

ties in three critical mission areas. Surveillance, Acquisition,

TracKing, and Xill Assessment (SATKA) missions require optical systems

with high resolving capabilltes to support the Strategic Defense Initi-

ative. Reconnaissance missions require imaging systems with high

resolving capabilities to support strategic and tactical intelligence

at national and operational levels. And, manufacturing Very Large

Scale Integrated Circuits (VLSIC) requires imaging systems with high

resolving capabilites to produce integrated circuits.

The Strategic Defense Initiative (SDI) requires SATKA assets to

detect launch of missiles, acquire and track their warheads, and assess

*-. the effectiveness of defensive actions. Optical systems are being pro-

posed for this task. As with other missions, optical systems designed

to respond to SDI needs using traditional technologies are too large

and too massive to be practical. Synthetic apertures may offer an

alternative to monolithic optics if fundamental problems of aligning

the optical system can be solved.

Strategic and tactical intelligence requirements drive reconnais-

sance missions. For example, President Reagan used imagery intelli-

gence to explain why the United States participated in invading Grenada

~:. - rime. 7 ov 83 As another example, President Reagan used imagery

following the attacks against Libya to demonstrate how selective the

United States was in destroying military targets (TiMe, 28 Apr 86). As

with the SDI mission, synthetic apertures may allow greater resolution

than current systems, while also reducing overall costs.

% %



Producing densely populated VLSIC components requires high resolu-

* .. tion optical systems. The actual circuit is produced from a photore-

duced drawi"g of the circuit. The density with which components can be

packed into the circuit is partly dependent on the resolution of the

photoreducing system. Active research may allow a new generation of

integrated circuits to pack components more densely, requiring photo-

reducing systems with new levels of resolving capabilites. Moreover,

higher density VLSIC components may have applications in upgrading

SATIA and Reconnaissance assets.

Synthetic Aperture Optical Systems

Designing diffraction limited optics requires designing an optical

system and then correcting for aberrations. Technology exists to

design and construct diffraction limited optics, but even with small

optics, costs are high; large optics are impracticable in sufficient

quantities for Air Force missions. Reducing diffraction effects

requires larger optics, but larger optics are massive, dimensionally

large, and expensive. One way to create a diffraction limited optic

without these disadvantages is to construct a large optic from many

smaller optics. Such an optic is called a synthetic aperture or multi-

_I aperture optic. As an example of how synthetic aperture technology is

already used, the Multi-Mirror Telescope at the University of Arizona

has a six-element synthetic aperture main mirror (Meinel). The result-

Ing optic will be relatively light and inexpensive, but focusing the

resulting image requires phasing the wavefronts from individual optical

elements. Additionally, compensating for piston and tilt misalignments

* in the assembled optic requires rephasing the wavefronts from the ele-

*.
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ments. One method of correcting the phase of an aberrated wavefront is
.4-

to operate on the wavefront with a hologram.

Holograms are optical devices which store both amplitude and phase

4 Information Holograms differ from ordinary photographs, which store

only information describins the intensity of the sampled wavefront.

because folograms nave the property that an incident Deam can repr oduce

the recorded wavefront One way to store amplitude and phase informa-

tion Is to use the principles of Interferometry to map phase informa-

tion Into intensity Information and then to store the intensity infor-

mation In a photographic plate. The photographic plate Is then called

a hologram. By using the hologram as a diffraction #rating, the holo-

gram acts as a wavefront correcting device.

A paper by Kuzilin and Sintsov reports successfully applying this

technique to a synthetic aperture telescope mirror (Kuziun and Sint-

sov However, the published paper contains inconsistencies between

the text and the figures, and what work was actually performed and what

* results were actually achieved is unclear. No other system using a

combination of holography and synthetic apertures is reported in the

literature. On the other hand, beginning in 1966, numerous Investlga-

tors describe systems which successfully correct aberrations in single

-. aperture optics (Upatnieks).

Approach

This research consisted of three stages. Stage I developed a

theoretical model for a simple, three-element, synthetic aperture sys-

tem to determine how the wavefronts from the elements combine in the

image plane. The model described the impu se response of the system.

4
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This stage also developed how a hologram will operate on the image

plane of the system. Stage II described how to construct and test a

working system based on the three-element model. The purpose of this

step was to verify the theoretic model by comparing predictions with

observations. Finally, Stage III interpreted the empirical results in

light of the developed theory.

0::
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II. Treory

Introduction

Developing the theory of how to optically correct aberrated wave-

fronts is straightforward The chief difficulties are the algebraic

manipulations are burdensome, and the developed terms are frequently

cumbersome. However, by designing the system to take advantage of the

mathematcs, the burdens are reduced, and by rearranging the terms, the

cumbersome expressions can be made elegant The following discussion

describes a simple system to offer a proof-of -concept of how holograms

can correct aberrated wavefronts.

Systemic Arrangement

The synthetic aperture system considered here consisted of three

converging lenses, each lens with focal length f and radius a, centered

on the vertices of an equilateral triangle. The center of each lens

was a distance s from the geometric center of the triangle, giving the

triangle sides of length sf3. The optical axes of the lenses were

parallel to each other, and the optical axis of the system Is parallel

to the optical axes of the lenses and intercepts the center of the

equilateral triangle. Mirrors reflect the optical axes to form a com-

mon focal point. Conceptually, prisms immediately following the lenses

may replace the mirrors. Figure I is a sKetch of a front view and a
00

side view of a one-dimensional analog of the system.

Point Spread Function of a Synthetic Aperture

The point spread function of a system is the mage of a point

source through the system and corresponds to the observed intensity of

:i:::.:i-i,:; ::::::::::::::: ::i ::;:i :-:::::::- 8
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* *'--Figure 1. A Synthetic Aperture System
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.2 the impulse response; the impulse response is the complex field ampli-

tude in the image plane when a point object is in the object plane. To

evaluate the point spread function, the system impulse response h and

* pupil function p(x,y) must be Known.

Appendix A shows a derivation of the Impulse response of a synthe-

tic aperture. For a point source of wavelength A at coordinates

(xo,yo) in an object plane located do to the left and parallel to the

plane of the optical system, and an image plane with coordinates (xi,

Yi) located di to the right and parallel to the plane of the optical

system, the impulse response is

P U. n)
SI : (1)SAoof

where P(.,) Is the Fourier transform of the pupil function of the

system, and F and q are spatial frequency coordinates defined by

doxi + dij2o doYi + diYo
N (2)

Adodi Ad0d1

The pupil function accounts for the apertural effects of the finite

size of individual elements in the synthetic aperture (see App A).

Equation (1) describes the impulse response of a synthetic aperture

only when the system is designed such that the apparent positions of

the apertures as seen from the systemic focal point overlap the true

positions (see App A).

The pupil function for the described system is

12+(Y-s)2  (X+sr3/2)2 + (y+s/2)2

P( ) :circ ] circ

a' *~~**(3)

(X-SI3/2)2 + (y+s/2)2

+ cir'c



Involung the shift theorem, the Fourier transform of this pupil func-

tion is therefore

P(&.71) : (exp[jwT%(ksf3- s))cos[TY(sSF3+ s3))

+ exp[-Jw% (Fsr3+ns) ]cos[w, (Es4-3-ns3)) (4)

a J! (2Tap)
+ exp[Jrsn]cos[rksf3] I

P

where p2 - .2 + q2. Substituting (4) into (1) yields the impulse

response for this system. The point spread function is then the modu-

lus squared of the Impulse response; therefore, psf hh, or

- psf = 1cos 2 [ws%(V3k+3M)] + cosEw(Tr34-31'n H + COsaOwMl3

+ Scos~ns% ((3F +3) iclcos v15%f3I-r))cosE(i.sf3]) (5)

+a 4

o - soaO (P-ap)

where somb(x) n 2J 1 (wx)/wrx.

Correcing Aberrated Wavefronts

The aberration free wavefront is spherical (Goodman, p 81). When

a wavefront deviates from a spherical shape, it is termed aberrat-

ed. The abez rations arising from third-order deviations from a

,. sphere are called Seidel aberrations (after Ludwig von Seidel) and may

* "be approximated by a linear term. Thus an aberrated subject plane

wavefront traveling in the yz-plane may be analytically described as

S(x.y) = s eXp(Jk(iy)] exp[jk(y - z)] (6)

where s is the amplitude of the wave, 0 describes the aberrations, and

K Is the wave number.

", upSp now that a reference plane wavefront of the form

R(xy) r exp(jk(y + Z)] (7)

'.. 9
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is introduced to the original subject wavefront. The waves will inter-

i fere with each other. If the intensity pattern I : IS + R12 of the

Interfering wavefronts is recorded, it will be of the form

I : r s exp[-JK(x,y)] exp[j2Kz] + 3 other terms (8)

Finally, suppose the original subject wavefront is allowed to fall

on the recording of the interference pattern. The emerging wavefront

will be of the form

SI = r sZ exp [JK(y + z)) + 3 other terms (9)

This technique allows recovering one term which is an aberration free

plane wavefront travelling in the same direction as the original refer-

ence wavefront.

If the interference pattern Is recorded on a photographic plate,

the actual intensity pattern will be [I - Il where I is defined by

M(8) When the unaberrated wavefront is recovered, its field will be

oppositely signed from the term in (9L and (9) will also contain four

other terms. The additional terms are irrelevant except that they

represent wasted energy, and the sign of the field is irrelevant when

the intensity of the field Is observed. If the wasted energy is a

problem, photographic plates can be processed to modify the phase of

the incident wavefronts, rather than the Intensity, allowing more

energy into the recovered term.

Summary

By using the theory developed in this chapter, both a system and a

technique for using holograms to optically correct aberrated wavefronts

can be synthesized. The next chapter discusses how a working system is

constructed to allow exploiting the technique.

* 10
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III Experimental Apparatus

Introduction

The apparatus used to demonstrate the advantages of multiaperture

systems was composed entirely of commercially available components.

These components were selected based on availability, flexibility, and

cost.

Figure 2 shows an overall schematic of the test system. The sys-

tem was composed of four major subassemblies.

The laser assembly was a Spectra-Physics 2020 Argon ion laser (1)

with multiline radiation from 450 ran to 515 nrm. Output from the taser

was coupled to a periscope (2). The periscope leveled the beam and

aligned it to the optical axis of the system. One disadvantage of this

.N laser was that its multiline radiation resulted in a too short coher-

ence length (no intracavity etalon was available). Using a Michelson

interferometer, the coherence length was empirically determined to be

on the order of one centimeter. The implication of a short coherence

length is that the path length differences between the subject and ref-

erence beams at the hologram must be measured precisely. To avoid this

problem. the beam was passed through a grating to select the 514.5 nm

green line. The coherence length of this line was measured and deter-

mined to be on the order of 30 cm.

The beam expander assembly was a two-stage device. The first

stage was a standard spatial filter (3), using a microscope objective

- to focus the beam through a pinhole. Following the pinhole was a col-

ki
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limating lens (4) These two elements expand the beam from approxi-

mately 4 mm to 25 mm. The second stage was a converging lens (5) fol-

lowed be a second collimating lens (6) to enlarge the beam to approxi-

mately 240 mm.

The synthetic aperture assembly (7) consisted of three Identical

converging lenses (LI-L3), each lens with focal length f and radius a,

centered on the vertices of an equilateral triangle. The center of

each lens was a distance s from the geometric center of the triangle,

giving the triangle sides of length s43. The optical axes of the

lenses were parallel to each other, and the optical axis of the system

was parallel to the optical axes of the lenses and intercepted the cen-

ter of the equilateral triangle. Mirrors (MI-M3) reflect the optical

axes to form a common focal point Only two of the three lenses and

mirrors are shown in Fig 2 for clarity.

The holographic assembly consisted of a lens (8) to Image the

entrance pupil of the synthetic aperture onto the holographic plate

(9). A second lens (10) focused the plate's image onto a screen (i).

A beam splitter (12) sampled the beam illuminating the synthetic aper-

ture. Mirrors directed the sampled beam onto the holographic plate.

Alignment

The components in this apparatus were carefully aligned to mini-

mize aberrations. The technique used was to defIne a systemic optical

axis and then to position the optical axis of each element, as defined

by the Boys, points (Lipson and Lipson, p 455) of that element, to

coincide with the systemic axis Further details of this technique are

.-i in Taylor and Thompson.

13
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IV. Results

Introduction

Results obtained from three synthetic aperture systems suggest the

util.ity of the developed theory. The first system was a single aper-

ture containing only a single lens. The second system was the triple

4,
aperture described in Chapter II however the aperture was applied to a

single lens. The final system was the full system described in Chapter

II. The results here presented are qualitative, demonstrating utility,

but requiring further quantitative nvestigation.

Single Aperture

The first demonstration was a single aperture containing only a

single lens. The arrangement was as described in Fig 2 with Element 7
(0

a single lens on axis with the system. The wavefront sampled for both

the subject and reference legs was proven to be planar through both

shear-plate interferometric analysis (Malacara, pp 105-48) and by

observing the quality of the Airy pattern through a circular aperture.

* Figure 3a shows the impulse response of the aperture and lens

arrangement when the lens was aligned into the system. Notice the sym-

metry of the pattern and the similarity to an ideal Airy pattern. Fig-

ure 3 shows the impulse response of the aperture and lens arrangement

when the lens was tilted and shifted out of alignment The achieve the

imperfect alignment, the lens was tilted so its optical axis met the

system's axis at approximately 5-10 degrees, and then the lens was

shifted to position the image approximately on the systemic optical

axis. Figure 3c shows the impulse response of the holographically cor-

.14



rected system. Observe that while the corrected response Is not ien-

tical to the perfect response, it is unequivocally an improvement over

the aberrated response. Recall also that the misalignments in the sys-
f.

tern are deliberately severe (to demonstrate utility); a practical sys-

tem will have smaller errors to correct.

Triple Aperture

The arrangement and procedure are similar to the single aperture

case. The only change is that the lens is now preceded by three small

apertures at the vertices of an equilateral triangle. This arrangement

simulated three perfectly aligned apertures.

•Figure 4a shows the Impulse response of the aperture and lens

arrangement when the lens was perfectly aligned Into the system.

Notice the symmetry of the pattern. Figure 4D shows the Impulse

response of the aperture and lens arrangement when the lens was tilted

, and shifted out of alignment. Figure 4c shows the impulse response of

the holographically corrected system. Again, observe that while thie

corrected response Is not identical to the perfect response, it Is

unequivocally an improvement over the aberrated response.

Synthetic Aperture

The final aperture was the three-element synthetic aperture. This
t.

V.. system was unique because of problems associated with aligning off-axis

lenses and mirrors for minimum aberrations and adjusting the piston of

the lenses to allow the focal points of the three legs to coincide.

V.Eventually, a certain latitude of adjustment was accepted for demon-

strating the system. Essentially, the system was aligned using an

iterative combination of several alignment techniques.

15

.W



Figure : impulse response of the synthetic aperture

arrangement when the aperture was reasonably well aligned into the sys-

tern UnliKe the previous cases, no perfectly aligned system was avail-

able to show the impulse response of a perfect system. Notice the sym-

V metry of the pattern and the clarity of the cosine modulation despite

*- the cavalier approach to alignment Figure 5D shows the holographi-

- cally corrected impulse response of the synthetic aperture arrangement.

Notice that the improvement is unsatisfying, but these results are only

preliminary. More carefully aligning the elements into the system will

certainly reduce the magnitude of aberrations the technique will have

to correct, and then the improvement will be more dramatic A quanti-

tative assessment of the improvement would also allow assigning a num-

ber to describe the improvement

'A Summary

The three demonstrations described qualitatively suggest that

using holograms to opticaLly correct aberrated wavefronts from synthe

tic apertures has merit However, the demonstrations are only qualita-

tive. Further investigations are needed to discover the quantitative

improvements the technique may allow.

O16
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Figure 3& Sinle Aper~ture Impulse ResPonse--Unaberrated
"..-

Figure 3. Single Aperture Impuise Response--AUerated
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Figure Xc Single Aperture Impulse Response--Corrected

Figure 4&a Triple Aperture Impulse Resporse-Unaberrated

18



Figure 4b. Triple Aperture Impulse Response-Aberrated

"~~ Figure 4Ac. Triple Aperture Impulse Response-Corrected

.P. 19
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VI. Conclusions

Milestones

This thesis has produced two major products. First, the Ideal

point spread function of a specific synthetic aperture was derived.

Second. the technique for using holograms to optically correct aber-

rated wavefronts from synthetic apertures has been qualitatively demon-

strated for point sources.

Suwaestions fr Further Study

In the course of tlls research, several questions have appeared

which remain unanswered. The questions divide into five area&

The first area is that the theory of single aperture optics does

not adequately address some issues in synthetic aperture optics. One

unanswered issue is how to define a quantitative figure of merit for

determining how accurately an Image reproduces a given object Typi-

cally texts require the image to approach the object except for a pos-

sible change in magnification; however, ti qualitative approach does

not allow evaluating similar systems on the basis of object fidelity.

A quantitative figure of merit would allow objective evaluations of

Imaging systems. Another problem is defining a two-point resolution

criteria for multiaperture systems. The cosine modulation of the point

spread function renders the Rayleigh and Sparrow criteria ambiguous, A

new resolution criteria must be defined to determine the reolving cap-

abilities of synthetic aperture systems.

The second area is that some single aperture optical theory is

already developed, but was not applied in this thesis. First, the

,2,
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Gaussian theory used to describe the optics will not apply to optics

more than 5-10 degrees from the systemic optical axis. While tele-

scopic synthetic apertures-with elements close to the systemic axis--

are readily described by Gaussian optics, other systems may require

exact analysis to produce a model. Second, the derivation of the point

spread function assumed elements positioned without error. Obviously

such an assumption is ridiculous. The magnitude of error in the image

plane due to mispositioned elements should be explored analytically

(HooKer).

The third area is that some new systems are suggested by ths

research. The dimensions of the point spread function are related to

the separation of the elements from each other. The optical axes of
".

the elements are ombined with a plane mirror, but a pyramidal mirror

would allow the elements to be more closely positioned. Second, a fas-

ter method of recording the hologram would facilitate practical synthe-

tic aperture systems. The current photographic plates are too slow

with a potential repetition rate of about eight hour& Some nonlinear

optical crystals offer a potential repetition rate of minutes or sec-

onds. A high repetition rate Is needed to accommodate potential sys-

tems which may vibrate or change their configuration In response to

mechanical stresses (eg. space-based telescopes). Third, the energy

flow through the system needs analysi. The experimental system needs

analysis. The experimental system suffers heavy energy losses, and a

final design should consider the radiometric performance criteria.

.inally the Knowledge obtained from ihi research must be engineered

into practical systems.

.9.6.,



The fourth area is that a new technique must be devised for align-

Ing off-axis elements. The current technique is to physically measure

where an element should go with respect to the system's optical axis,

and then place the element there. Unfortunately, the technique does

not consider when the systemic axis is blocKed by elements of the syn-

thetic aperture, and in any event, the technique is sloppy compared to

the techniques for aligning on-axis elements into the system. A tech-

nique must be devised to optically place the elements into the system.

Final.ly, a new technique of magnifying the point spread function

must b devised. Currently microscope objective are used to enlarge

the point spread function so the detail becomes obvious. Unfortunately

the elements in the objectives allow too much light to suffer internal

reflections, resulting in images with obvious interference patterns due

to the multiple paths in the objectives. The interference patterns due

bothersome, and eventually will interference with quantitative analysis

of simiar point spread functions. An objective with anti-reflective

elements will have to be designed and built before quantitative mea-

surements can be made.

'p
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Appendix A: Impulse Response of a Synthetic Aperture

Since phenomenon of propagating waves are linear, the image field

UI(Xiy 1 ) is related to the object field Uo(xo,y o ) through the convolu-

tion

UilXl, Yj) : h(xo, Yo;xJ, YI) * Uo(Xo, Yo) (A-i)

where h(xzoyo;zx,y 1 ) is the Impulse response at (xiy 1 ) due to a

point source at (xoyo). By describing the impulse response h of an

optical system, the imaging properties of the system are determined.

To find 1 for a synthetic aperture, consider a point source at

coordinates (xy o ) in a plane located d o to the left and parallel to

the plane of the optical system. Spherical waves diverging from

(xy o ) will radiate from the point source. The paraxial approximation

of those wave in the plane of the optical system is

U (z.y) - exp - (K-I ) 2 +*yy2 A2
0 0

Determining how the optical system operates on incident waves requires
first determining the complex pupil function p(x,y) of the system.

The complex pupil function p(x,y) is the complex transmittance

of the optical system (Goodman, p 121). Generally, p(x,y)

p(x,yyexp[JkW(x,y)] , where the factor p(x,y), called the pupil func-

tion, accounts for apertural effects of the finite size of Individual

elements and the factor exp[JkW(zy) describes how the lenses modify

the phase of the incident waves. For synthetic apertures, W(x,y) has a

term describing the effects of lenses and a second term describing the
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effects of reflecting or refracting the optical axes of the elements to

a common focal point. The term describing the phase transformation in

the lens centered at (Xn,Yn) is simply (Goodman, p 81)
(XXn)fl + (Y-Yn) 2

Wlens(XY) = - (A-3)
2f

where f Is the focal length of the lens. To determine the term

describing the phase transformation due to mirrors or prisms operating

on the optical axes of elements, consider that mirrors and prisms serve

to translate and rotate the lenses from their actual position to an

apparent position in a new coordinate system. Referring to Fig A-I,

the lens in the new (primed) coordinate system Is tilted with respect

to the old (unprimed) coordinate system, leading to a term Wref(x,y)

-[(tanex)x + (taney)yl where * x Is the angle between the projection of

the x' axis onto the xz-plane and the x axis, and y is the angle

between the projection of the y' axis onto the yz-plane and the y axis.

Again referring to Fig A-I, tane= 2Wf, and taney: y=/yf, where

-, (*y9 is the apparent position of the lens element, leading to a term

.I x + yY
ref (Z. Y) - (A-4)f

- The error associated with setting zi: f is obviated by designing a

symmetric system so the error in placing z i is equal for all elements;

the actual location of z, can be determined from Pythagorean's Theorem.

Oombining the apertural and lensing factors for a synthetic aperture

composed of elements centered at (Xn,Yn) leads to a complex pupil func-

tion for the special case when Xh : xn and 7:
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"X.y) (px-x .y-y ) eXP - 2 + y 2 (A-5)
n n 2f

This special case requires designing the system so the apparent posi-

tions of the lenses coincide with their actual positions. The wave-

front U'(xy) emerging from the elements is therefore the product of

the spherical waves (A-2) and the complex pupil function (A-5)

", ~uIMxy) = U(x, y) ,(xy) (A-5 )

The wave must now propogate to the image plane.

The Presnel propagation formula allows following the wavefront to

a plane located di to the right and parallel to the plane of the

optical system. The formula for finding Ui(xi,yi) given U'(x,y) is

U(I ,Y U) -z U'y) esp( x yIy? ddY (A-7)
i . ; i t

or substituting for U'(x.y) and reducing

I z -- ( (R e - l a
U(x"Y) :-e p -x (xay2) exI - (x +2 ) jex 2- ( a

i i k2 d d I2d 00 2
0 i1 0i

::* P(xZxn ,y-y n j) [7 +X + y2 (A-8)
0 n

JJ s + .1 x + + dxdy

Choosing dj such that the Gaussian lens formula is satlsfied,

ma~ing the substitutions
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do x, + djx 0  doy1 * d1 yo£ : :(A-9)
Adod i  ld

and recognizing U1 (X1 ,y1 ) now defines h(xo,yo;xlyl), then

___R__ JRJRI
Ad d 2d 2d n n

(A-1O)JJ P(X-x. y-y ) e2p [J2W [x + ~dy

Equation (A-1O) Is the Impulse response of a synthetic aperture system;

however the leadi.ng exponential factors supply superfluous Information.

Consider the three exponential factors in (A-lO). For a well-

behaved optical system, 10 : xKdo/d i and Yo : Yido/di, which allows

writing the first factor in terms of xi and y1 . When h as defined

(i by (A-tO) is used in convolution (A-1i all three exponential factors

in h are independent of the convolution variables, therefore surviv-

Ing the convolution operation unchanged. When the field UI from (A-I)

is observed as UlU,, the three exponential factors vanish. Finally,

defining P(F,q) as the Fourier transform of Ep(x,y), the impulse

response Is

P(U, In)
h: (A-il)

A2doad

where t and n are defined by (A-9). The impulse response

(A-l) determines the imaging properties of the system. In particular,

the impulse response my be used to find the point spread function of a

specified system.
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